EIGENVALUES OF HARMONIC ALMOST 
SUBMERSIONS 



E. LOUBEAU AND R. SLOBODEANU 

Abstract. Maps between Riemannian manifolds which are sub- 
mersions on a dense subset, are studied by means of the eigenvalues 
of the pull-back of the target metrics, the first fundamental form. 
Expressions for the derivatives of these eigenvalues yield charac- 
terizations of harmonicity, totally geodesic maps and biconformal 
changes of metric preserving harmonicity. A Schwarz lemma for 
pseudo harmonic morphisms is proved, using the dilatation of the 
eigenvalues and, in dimension five, a Bochner technique method, 
involving the Laplacian of the difference of the eigenvalues, gives 
conditions forcing pseudo harmonic morphisms to be harmonic 
morphisms. 



1. Introduction 

The geometric features of harmonic maps are often best revealed 
when combined with other properties such as conformahty, which has 
led to a connection with minimal submanifolds and, more generally, 
minimal branched immersions. The dimensional counterpart of this 
approach emerged from a seemingly unrelated problem on maps which 
preserve, by composition on the right-hand side, (local) harmonic func- 
tions. These maps, called harmonic morphisms, were characterized by 
Fulgede [9] and Ishihara [12] as harmonic maps with the added prop- 
erty of horizontal weak conformahty, i.e. the map : (M, g) —>■ {N, h) 
between Riemannian manifolds, is horizontally weakly conformal if at 
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any point x G M, either dip^ = or dLpxl^^^^^^ is surjective and 
conformal. The conformal factor A(x) is called the dilation of ip and 
harmonic morphisms must be almost submersions, i.e. submersive on a 
dense set. The theory of harmonic morphisms has developed into a rich 
subject, cf. [Sj, and one particular interesting area is its interaction with 
complex structures and links with holomorphic maps. In general, hori- 
zontally weakly conformal maps pull back the metric of the target onto 
a metric on the horizontal distribution (the orthogonal complement of 
the kernel of the differential) but in the presence of a complex struc- 
ture on the codomain, one can also pull back this geometric structure. 
However, this property is not characteristic of horizontally weakly con- 
formal maps but defines a larger class called pseudo horizontally weakly 
conformal maps, first identified by Burns, Burstall, de Bartolomeis and 
Rawnsley in [7] in their study of stable harmonic maps into irreducible 
Hermitian symmetric spaces of compact type and formulated as 

[dip o {dipY, J] = 0, 

where {dipY is the adjoint of the dip, and J is the complex structure 
on the target. A more systematic study of pseudo horizontally weakly 
conformal maps into almost Hermitian manifolds was carried out in 
[Hj and [I5] where the pull-back of the complex structure J is used to 
build an /-structure on the domain (M, g), i.e. an endomorphism F of 
the tangent bundle satisfying 

+ F = 0, 

associated to each pseudo horizontally weakly conformal map. More- 
over, these maps are {F, J)-holomorphic, i.e. their differentials inter- 
twine the /-structure of the domain and complex structure of the tar- 
get. When the codomain is (1, 2)-symplectic, that is the Kahler form u 
satisfies (rfcj)^'^ = 0, the harmonicity of a pseudo horizontally weakly 
conformal map is characterized by 

FdivF = 0. 

Harmonic pseudo horizontally weakly conformal maps are called pseudo 
harmonic morphisms and one can easily show that they pull back (local) 
holomorphic functions onto harmonic functions. 
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A subclass of pseudo horizontally weakly conformal maps, called 
pseudo horizontally homothetic maps and defined by 

dip^{{Vvd(p\JY))^) = Jp(x.)C?<^x((V^V(y))x), 

was introduced by Aprodu, Aprodu and Brinzanescu |2] to construct 
new maps preserving minimal submanifolds. Recently, in a sort of 
return to the origins, harmonic pseudo horizontally homothetic sub- 
mersions were shown to be weakly stable [1]. While pseudo horizontal 
weak conformality is a compatibility condition of the complex struc- 
ture and the metric, pseudo horizontal homothety is a partial Kahler 
condition on the horizontal bundle. 

The principal difference between the conditions of horizontally weakly 
conformal and pseudo horizontally weakly conformal is that the latter 
does not connect the domain and target metrics together. This extra 
flexibility, for example, non-constant immersions can be pseudo hori- 
zontally weakly conformal, is also the source of new difficulties when 
trying to put in evidence geometric properties. To avoid these limita- 
tions, this article takes the option of concentrating on a fundamental 
constituent of a map: the eigenvalues of its first fundamental form, 
which is the pull-back of the target metric. Computing their deriva- 
tives, we are able to give an expression of harmonicity, a characteriza- 
tion of totally geodesic submersions and a criterion of invariance under 
biconformal change of metric. When looking at the distribution of the 
eigenvalues, the filiation with holomorphic maps appears clearly and 
we can obtain a Schwarz lemma, that is geometric conditions on the 
domain and codomain restricting the growth, or even the existence, of 
pseudo harmonic morphisms. The approach is essentially based on [11] 
but is also reminiscent of [20] . Finally, working from a five dimensional 
Riemannian manifold into a four dimensional Hermitian manifold, we 
observe that the first fundamental form of pseudo harmonic morphisms 
can only admit two non-zero eigenvalues and derive a formula for the 
Laplacian of their difference. This enables us to find conditions on the 
spaces and the map forcing these two eigenvalues to agree and the map 
to be a harmonic morphism. 
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2. Derivatives of eigenvalues 

Let (p : {M"^,g) {N"',h) be a smooth map between Riemannian 
manifolds. The first fundamental form ip*h is a symmetric, positive 
semi-definite covariant 2-tensor field on M defined by the pull-back of 
the metric on A^. Via the musical isomorphisms, it can be seen as the 
endomorphism d(f^ o dip : TM TM, where dp^ : TN TM is the 
adjoint of dp. 

Since it is symmetric, the first fundamental form is diagonalizable 
and we let > ■ ■ ■ > A.^ > Xf.^^ = ■ ■ ■ = A^ = be its (real, non- 
negative) eigenvalues, where r = Taiik{dp). 

A non-constant map is horizontally weakly conformal when all the 
non-zero eigenvalues of p*h are equal. 

A vector X G T^M will be called an eigenvector of p*hx if 

p*K{x, Y) = x^g^ix, r), vr G t,m, 

or equivalently 

dpi o dp^{X) = X^X. 

At any point of M , there exists an orthonormal basis of eigenvectors 
{£^j}j=i^...^m and, around any point of a dense open subset of M, we 
have a local orthonormal frame of eigenvector fields ([17j). 

In particular, for eigenvector fields we have 

p*h{Ei,Ej) = 5i^jXl 

so the vectors dp{Ei) {i = 1, . . . ,m) are orthogonal of norm \dp{Ei)\ = 
Xi and, decomposing dp{Ei) = Y12=i ^t^a in an orthonormal frame 
{^a}a=i,...,n in TN, we have 

n n 

xi = h{dp{E,),dp{E,)) = Y^ptpXt = Y.(v>rf- 

a=l a=l 

Lemma 1. Let p : {M"^,g) {N^,h) he a smooth map, {Aj}j=i^..,^m 
its eigenvalues and {-Et}i=i,...,m o-n orthonormal frame of eigenvectors 
of p*h. Then the derivative of Xf in the direction of Ek is 



(1) 



Ek{Xf) = 2h{Vdp{Ek,Ei),dp{Ei)), 
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for all i,k = 1, . . . ,m, or alternatively 

(2) Ek{X^) = -2h{dip{Eu), Vdip{E,, E,)) + 2{\^ - \l)g{Eu, VgE.), 
for all i, k = 1, . . . ,m, with i ^ k. 

Proof. Let Aj be the i-th eigenvalue of ip*h and Ek an eigenvector cor- 
responding to the eigenvalue Afc. 

Ek{X^,) = Ek{ip*h{E,,E^)) 

= Ek{h{d^{Ei),d^{Ei))) 

= 2h{Vldv{E;),d^{E,)) 

= 2h{Vdip{Ek, E,) + dip {V^^E,) , dip{E,)) 

= 2h{Vd^{Ek, Ei), d^{Ei)) + 2\lg{V'iEi, E^) 

= 2h{Vdif{Ek,Ei),dif{Ei)), 

for all i, k = 1, . . . ,m. 

A different expression of the derivatives of Aj is given by 

Ek{X^^) = Ek{ip*h{E,,E,)) 

= Ek{h{d^{Ei),d^{Ei))) 

= 2h{Vld^{Ei),d^{Ei)) 

= 2h{VldipiEk) + dip{[Ek, E,]), dip{E,)) 

= -2h{dipiEk), V%dif{E,)) + 2Xjg{\Ek. E,], E,) 

= -2h{dv{Ek), Vd^{E„ E,) + d^iV^Ei)) + 2\^,g{Ek, V%E,) 

= -2h{d^{Ek), Vd^{E,, Ei)) + 2{Xl - Xl)g{Ek, 

for all i, k = 1, . . . ,m, i ^ k. □ 

As mentioned in [13] for holomorphic maps, eigenvalues of pseudo 
horizontally weakly conformal maps come in couples. 

Proposition 1. Let ip : (M"^, g) —>■ (A^^", J, h) he a pseudo horizontally 
weakly conformal map of rank 2r into an almost Hermitian manifold 
and F its associated metric f-structure induced on M (cf. ^14j ). 
Then ip*h is F-invariant and (p is {F, J) -holomorphic. 
If X & T(TM) is an eigenvector of ip*h with respect to g, then so is 
FX , for the same eigenvalue. 
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Moreover, let speCg{ip*h) = {Xf, A^, 0}, around any point of M there 
exists an adapted orthonormal frame {Ei, FEi, Ea}i=i^]'''^r'^~'^^ of eigen- 
vectors of (f*h such that the eigenspace of is span{£'j, FEj} and the 
eigenspace of the zero eigenvalue is spein{Ea}a=i,...,m-2r- 

Proof. First of all, observe that 

ip*h{FX,Y) = h{dip{FX),dip{Y)) 
= h{Jdip{X),dip{Y)) 
= -h{d(p{X),Jd(p{Y)) 
= -h(dip(X),dip{FY)) 
= -ip*h(X, FY). 

Moreover, supposing that 

(p*h{X, Y) = X^g{X, r), VF e TM, 

then 

Lp*h{FX,Y) = -(p*h{X,FY) = -X^g{X,FY) = X^g{FX,Y). 

To construct an adapted frame, we can use the standard diagonaliza- 
tion procedure once we have checked that, if Ei, FEi are orthonormal 
eigenvector fields associated to e speCg{(p*h), then dip* o dip maps 
span{£'i, FEi}^ onto itself. Since dip* o dip is the endomorphism asso- 
ciated to ip*h, for Y e span{£'i, FEi}-^, we have 

g{d^* o d^{Y), E,) = ip*h{Y, E,) = Xlg{Y, E,) = 0, 

and similarly for FEi. □ 

This enables a particular expression for the derivatives of eigenvalues 
of the first fundamental form of a pseudo horizontally weakly conformal 
mapping. 

Proposition 2. Letip : {M'^,g) — > (A^^", J, h) be a pseudo horizontally 
weakly conformal map of rank 2r into an almost Hermitian manifold 
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(3) 



3{d^*n){E,, FEi, Ek) + Ek{\j) - Xlg {F[{V E,F)Ei + {V fe,F)FE,],Eu) , 



where VL is the fundamental 2-form on {N, J, h), i.e. r2(X, Y) = h{X, JY). 
Proof. This relation can be computed directly or combining ([2]) and 



(4) (V^ J) d^(Y) = d^ {(yxF)Y) + Vd^{X, FY) - JVd^{X, Y), 



3. Applications to almost submersions 

For almost submersions, the derivatives of the eigenvalues encode 
information on the horizontal distribution and harmonicity. 

Proposition 3. Let (p : {M"^,g) {N"',h) be an almost submersion, 
with V = ker d(f its vertical distribution and Ti = V"*", its horizontal 
distribution. Let {Ei, Ea}'^=i'"'^~^ be an orthonormal frame of eigen- 
vectors of ip*h such that Ei G 7i, Vi = 1, . . . , and E^ G V, Va = 
1, . . . ,m — n. Then, at regular points, the mean curvature fi^ of the 
horizontal distribution is given by 



In particular for a horizontally weakly conformal map, we recover the 
expression 

j/^ = grad^ In A. 
The map ip is harmonic if and only if 



(5) E,[e{^) - \l] = J](A,2 - \l)g{VE.E,, E,) - (m - n)A^^(/, E,), 



for all X,Y e r((ker 



□ 



n 



-grad ln(Ai---A„). 



n 



i=l 



for all k = 1 



. . . ,n, where e{ip) is the energy density of ip. 
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Proof. : (M"^,^) ^ (A^", /i) is an almost submersion and {Ei, -Ea}^]^ rl"^ " 
is an orthonormal frame of eigenvectors of (p*h, then d(p{Ea) = and 
Aq, = and, from ([21), we have 

(6) K(A,2) = 2A2^(VgE„K), 
hence 

E^{\nX,)=g{V%E„E^). 
Therefore (V^^-Ej)^ = grad^lnAj, and 

= -grad"*^ ln(Ai ■ ■ ■ A„). 

n 

We characterize the harmonicity of ip with the divergence of the stress- 
energy tensor 

= e{(p)g - (p*h, 

since 

(7) divS*,^ = de{(p) — div(p*h. 
Then 

m 

{diY^*h) (Ek) = J2i^E,V>*h){E„Ek) 

i=l 
m 

= Y,Ei{'P*h{Ei,Ek)) - ^*h{VE,E„Ek) - ^*h{E„VEM 

i=l 

m 

= Y,E^{\%k) - \lg{VE,E„Ek) - \^g{E„VE,Ek) 
1=1 

n 
i=l 

Since (p is submersive on a dense set, its harmonicity is equivalent to 

(8) (div5^) (Efc) = 0, Vfc = l,...,n, 
that is 

m 

E,[e{^) - Xl] = 5^(A^ - Xl)g{VE.E,,E,), 

i=l 

for all = 1, . . . , ra. Decomposing the sum in vertical and horizontal 
parts, yields the result. □ 
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Remark 1. (1) A computation similar to (El), for eigenvectors X 
and Y, corresponding to the same eigenvalue A of ip*h, yields 

{Cvg){X,Y) = -V{\n\^)g{X,Y). 

(2) The proposition can also be obtained summing up (E]) for i 7^ 
k, taking into account Ek{\\) = 2h(Vdip{Ek, Ek),dip{Ek)) and 
adding the term —2h{d{p{Ek),J2a^^'^(^a,Ea)), which equals 
{m-n)\lg{fjy,Ek). 

(3) Some straightforward consequences of (JTj) are 

(a) A harmonic map has constant energy density if and only if 
its first fundamental form is conservative (i.e. dw!f*h = 0); 

(b) A harmonic map has minimal fibres if and only if div^(y9*/i = 
de{(p). 

It is well-known that for horizontally weakly conformal maps, i.e. 
Af = ■ ■ ■ = = A^, Condition (I5l) becomes 

{n — 2)grad^(lnA) = —{m — n)^ . 

The special formula for the derivatives of the eigenvalues of the first 
fundamental form of a pseudo horizontally weakly conformal almost 
submersion leads to a re-writing of the condition of harmonicity. 

Corollary 1. A pseudo horizontally weakly conformal almost submer- 
sion if is harmonic if and only if the eigenvalues and eigenvector fields 
of(f*h satisfy 

n 

3 ^(d<^*n)(E„ FE„ Ek) - XlgiFdw'^F + (m - E^) = 0, 

i=l 
n 

3 ^(d<^*n)(E„ FE„ FEk) - XlgiFdw'^F + (m - n)f?', FE^) = 0, 

i=l 

for all k = 1, . . . ,n, where Q{X, Y) = h{X, JY), or equivalently 

n 

3 J2 [{d^*mE^, FE„ Ek) - Xld<!>{E„ FE„ E^)] - A^(m - E^) = 0, 

i=l 
n 

3 [{df*mE^, FE,, FEk) - Xld<l>{E„ FE„ FE^)] - A^(m - FEj,) = 0, 

i=l 

for allk = l,...,n, where ^{X,Y) = g{X,FY). 
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Proof. According to ([5]), the harmonicity of a pseudo horizontally weakly 

conformal almost submersion is given by 

(9) 

n 

E,[e{y^)-Xl] = J2i^^->^l)9{'^E.E,+VFE.FE,,E,)-{m-n)Xlg{f?',E,), 

i=l 

for k = 1, . . . ,n. 

As the eigenvalues are double, 

eiip) = Xl + ... + Xl 

so 

E.ieiif) - Xl] = Ek 

Observe that Ek{X\) is not involved in the harmonicity condition. 
Summing ([3]) for i ^ k, we obtain 

n 

- XI)9{Ve.E, + Vfe^FE,, E,) = 

i=l 
n 

3 EE,, Ek) + Ek[e{v) - A^] - A^(?(Fdiv^F, Ej,), 

i=l 

and, replacing in ([9]), we get the proposition. □ 

Remark 2. The harmonicity of a pseudo horizontally weakly confor- 
mal almost submersion with values in a (l,2)-symplectic manifold is 
given by the criterion ([15j) 

Fdiv^F + (m-ra)/i^ = 0. 

Notice that, in this case, harmonicity is intrinsic to the /-manifold 
{M,F,g), i.e. it can be formulated independently of the first funda- 
mental form of the map, as the left-hand term is equal to FdivF. This 
is no longer true when the target manifold is not (l,2)-symplectic. 

Clearly, by Equation ([T]), totally geodesic maps have constant eigen- 
values. 

Proposition 4. A submersion is totally geodesic if and only if its first 
fundamental form is parallel. Consequently, its eigenvalues are con- 
stant. 
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Proof. One implication was proved in 

The proposition relies on the following relationship: a map ip : (M, g) 
{N, h) between Riemannian manifolds, satisfies the identity 
(10) 

{Vx^'h) (y, Z) = h{Vd^{X, Y), d^{Z)) + h{d^{Y), Vd^{X, Z)). 
and its counterpart 
(11) h{Vdip{X,Y),dip{Z)) 

= ^ [iVxV*h) (F, Z) + iVY^*h) (Z, X) - iVz^*h) (X, Y)] . 

Indeed, 

{VxV*h) {Y,Z) 

= X {ip*h{Y, Z)) - ip*h{VxY, Z) - ^*h{Y, VxZ) 

= X {h{d^{Y), d^iZ))) - hid^iVxY), dip{Z)) - h{d^{Y), difiVxZ)) 

= h{Vldv{Y) - d^iVxY), d^{Z)) + h{dv{Y), V^d<^(Z) - d^iVxZ)), 



that gives us ( jlOll . 

Using (fTOl) three times, we get (fTTj) . □ 

If If : (M™, g) — > (A^", h) a harmonic submersion, we can perturb 
the metric g biconformally 

g = a g'^ + p g"^, 

where a and p are functions on M. 

Theorem 1. Let ip : {M"^,g) — > {N^,h) a smooth almost submer- 
sion between Riemannian manifolds. Then any two of the following 
conditions imply the third 

(1) (f is harmonic, with respect to the metric g; 

(2) (fi is harmonic, with respect to the metric 'g; 

(3) grad^p"^-"a"-2 = q. 

Proof Since (p*h{Ei,Y) = X'^^g{Ei,Y) = \ja'^g{Ei,Y), with respect to 
the new metric ^, the eigenvalues and adapted frames of eigenvectors 
of ip*h are given by 



-2 



Aj = cr^A^; Ei = aEi] Ea = pE^. 
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To check Equation with respect to g, we compute each term 
separately 

= -a^'^g^aEi, [aEi,aEk]) 

= -a-^g{aEi, (r'[Ei, E^] + (rE,{a)Ek - crEk{a)Ei) 
= -ag{E„[E,,Ek])+Ek{a) 
= ag{VE^Ei,Ek) + Ek{a) 

and 

g{VE^E^,Ek) = -g(E^, [E^,Ek]) 

= -p'^aipEa, [pEa,aEk]) 

= -p^'^gipEa, crp[Ea, E^] + pEaia)Ek - aEk{p)Ea) 
= -(xg{E^, [E^, Ek]) + ap-^Ek{p) 
= ag{VE^Ea, Ek) + aEk{\np). 

Using these formulas in (jSj) with ^, we have 

n 

Ek\e{Lp) - \] = ^(Xi - \)g{VE,Ei, Ek) - (m - n)\g{jf, Ek); 

i=l 

n 

aEk[a\e{^) - Xl)] =J2^'i^' - IM"^ e.E,, Ek) + Ek{cr)] 

i=l 

- (m - n)a'^\l [ag{iJ^,Ek) + aEkilnp)] ; 
Eki\na')iei^)-Xl) + Ek[ei^)-\l] 

n 

= - ^fc) + EkO^^)] - - ri)\l [^?(/, Ek) + Ek{\np)] . 

i=l 

As if is harmonic with respect to g, the condition simplifies to 

n 

Ek{lna'){e{^) - Xl) = J^i^^ " >^l)Ek{lna) - (m - n)A^E,(lnp), 

i=l 
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but 

2Ek{lna)e{y^) - 2XlEk{ln(T) 

- 2e{!f)Ek{ln a) + nXlEk{ln a) + {m - n)XlEk{ln p) 
= Xl[{n - 2)Ek{\na) + (m - n)Ek{\np)] 
= A^Efc(lna"-V"). 

□ 

Remark 3. (1) Compare with [5^, Corollary 4.6.10] and [18] . 

(2) The imphcations (1) A (3) (2) and (2) A (3) (1) have 
already been proved, in a different way, in ^16j. 

4. A SCHWARZ LEMMA FOR PSEUDO HARMONIC MORPHISMS 

Let (f : {M"^,g) {N"',h) be a smooth map of rank r < k = 
min(m,?T,). Denote by A^rfy^ the induced map on p- vectors, its norm 
can be expressed in terms of the eigenvalues of the first fundamental 
form A? > A2 > ■ ■ ■ > A2, by 

il<---<ip 

Moreover, for p = 2, we have the inequality 

I A^ d<^\ < 

with equality if and only if r = k and A^ = A^ = • • • = A^. 

Definition 1. A map if is said to be of bounded dilatation of order 
K if the ratio of the first two eigenvalues of ip*h is bounded by K^, i.e. 

For a map of bounded dilatation of order K, one can easily establish 
the reverse inequality ([TT]) 

\d^\^ < kK\ A^ dip\. 

If M is a complete manifold with non-positive sectional curvature 
and Ricci curvature bounded from below by a negative constant —A 
and the sectional curvature of the manifold is bounded above by a 
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negative constant —B, Goldberg and Har'el showed in [TT] that any 
harmonic map ip : M ^ N oi bounded dilatation of order K satisfies 



J J B 

for any r, 1 < r < fc. In particular, for r = 1 

If Ric^^ > 0, then is constant. 

The binary nature of the eigenvalues of pseudo horizontally weakly 
conformal maps, enables the extension of some results previously known 
for holomorphic maps. 

Propositions. • Any pseudo horizontally weakly conformal 
map in an almost Hermitian manifold is of bounded dilatation 
of order 1. 

• [13] If ^ (^"^ N 0,1"^ compact manifolds and N is ( l,2)-symplectic 
of negative sectional curvature, then there exists only a finite 
number of non-constant pseudo harmonic morphisms from M 
to N. 

• [H] If M is a compact manifold and N is a (l,2)-symplectic 
manifold of nonpositive sectional curvature, then two homotopic 
pseudo harmonic morphisms from M to N which agree at a point 
are identical. 

Lemma 2. A pseudo horizontally weakly conformal map ip : {M,g) ^ 
(iV2", J, h) satisfies 



< 2. 

I d(p\ 

Moreover, if in-i = j^, then 



I A2 d^\ 

Ai 



with equality if and only if the map is horizontally weakly conformal, 
that is if X\ = ■ ■ ■ = \\, so = 1. 
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Proof. Recall that 



^' \ Z^l<i<i<n\^i 



^l<i<j<n i j 

since the eigenvalues are double 



But, by Newton's inequalities 



so 



^2 2n Ei<i<j<nA^A^ 

' 2n-l (ELiAf)^ 



Since 

\2\2 



2 



=1 l<i<j<n \i=l / l<i<j<n \i=l 



we obtain the lemma. □ 

With this lemma, we can improve the bound on the energy density 
of a pseudo harmonic morphism. 

Theorem 2. Let (M™, g) be a complete Riemannian manifold with 
non-positive sectional curvature and Ricci curvature hounded from he- 
low by a negative constant —A and {N^"', J,h) a (1, 2)-symplectic almost 
Hermitian manifold of sectional curvature hounded above by a negative 
constant —B If (p : M ^ N is a pseudo harmonic morphism then 

If B > 2A, then (p is distance- decreasing. In particular, if Ric^ > 0, 
then (fi is constant. If the {n — 1)*'* dilatation is hounded, that is l\_-y — 
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^ < L"^ , we have 

eiip) < — 1 L-^ . 

Proof. We follow the argumentation of |TT]. Let : M — ^ be a 
pseudo harmonic morphism, that is a pseudo horizontally weakly con- 
formal harmonic map. In [10], Goldberg uses the Weitzenbock formula 
for harmonic maps and an exhaustion of M by conformal submanifolds 
(Mp, e^pg), to show that there exists a maximum point x of the function 
e~'^^f'\dip\'^ and a function e(p) with limp_,+oo e(p) = such that 

at the maximum x. The condition on the sectional curvature of (A^, h) 
implies that 

R^{d<^{ei),d<^{ej),d<^{ei),d<^{ej)) < -2B\ c/(^|l 
Therefore, at this maximum point 

2e-2^''S| a' d^\^ <{A + e{p))\d^\^. 
Combining with Lemma [21 we obtain 

that is 

^-e-'^pB\dv\'<{A + e{p)), 

at the maximum point x, hence everywhere. Let p +oo, then Vp 
goes to zero and we obtain 

□ 

Since the unit disk has a Kahler metric with constant negative holo- 
morphic sectional curvature, we have the following 

Corollary 2. Let (M™, g) be a complete Riemannian manifold with 
non-positive sectional curvature and Ricci curvature hounded from he- 
low hy a negative constant —A. If M is equipped with an f -structure 
then any hounded f -holomorphic function on M is constant. 
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Example 1 (Pseudo harmonic morphisms between space forms). For 
a real constant k, consider the complex n-space (Ar'^(K),/iW) which, 
for K = 0, > or < 0, is C", CP" or B" (the unit ball in C"), equipped 
with the Kahler metric 

where C = 1 + k,\z\'^- For k = 0, 1 and —1, we obtain the Euclidean, 
Fubini-Study and Bergman metrics. 

We know that K{X, JX) = 2k, i.e. the holomorphic sectional cur- 
vature is constant and equal to 2k, and the sectional curvature K^^'^^ 
is pinched: 2k < K^^'^'> < if k < (with reversed inequalities for 
K > 0). 

Now consider the analogous Sasakian space forms, the only com- 
plete, simply connected Sasakian manifolds with constant 0-sectional 
curvature c: 

• {R'^'^+^,g = 7](g)7]+ jY^LM^'f + WY,c = -3), where t] = 

• (§2"+\ induced metric from (C"+\ /i^")), c = 1) 

• (B" xR, g = 'r]^r] + 'K*h^'^\ c = 2k — 3), where r] = dt + tc*u, duo is 
the Kahler 2-form of B" and vr the projection of B" x M onto the first 
factor. 

The Ricci tensor of these space forms is |6] 

In all three cases, Ric(.^, S,) = 2n. Recall that if we make a P-homothetic 
transformation of the contact structure, for example 

g = ag + a{a — 1)1] (g) 77, a > 0, 

then the above spaces remain Sasakian space forms, with 0-sectional 
curvature c = — — 3. 

a 

So in these cases, we have 

• (M^'^+i): Ric{Ei,Ei) = Rici^Ei, c^Ei) = -2. 

• (§2"+i): Ric(E„E,) = Ric(0E„0E,) = ^(ZL^. 
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• (B" X M): Ric{E„Ei) = Ric{(j)Ei, (pEi) = ^linlil^. 

From these results, we can conclude the following. 

Proposition 6. • Any (0, J)-holomorphic map if : M^""*"^ 

satisfies \dip\'^ — //" '"'^ take k, < —8, then ip will be distance 
decreasing. 

• There exists only a finite number of (0, J) -holomorphic maps 
if : §2n+i ^ 

• Any (0, J) -holomorphic map : B" x M ^ B" satisfies \dip\'^ < 
'^^""^^"ikI^"'"^"^ . For K < —8, if will be distance decreasing for any 
a > 4(n + 1). 

All these maps are pseudo harmonic morphisms. 

Note, that a holomorphic map from a Kahlerian space form to B" can 
be non-constant only if k < on the domain space, as Ric(i?j,£'j) = 
Ilic{JEi, JEi) = (n+l)/t for any (A^"(fi;), /i^''^). In this holomor- 
phic map if : B™ — » B" (automatically a pseudo harmonic morphism) 
will satisfy \dip\'^ < 4(m + 1). 

5. A BOCHNER TECHNIQUE FOR PSEUDO HARMONIC MORPHISMS 

Let if : {M^,g) — > {N'^,J,h) be a pseudo horizontally weakly con- 
formal map from a five- dimensional Riemannian manifold into a 4- 
dimensional almost Hermitian manifold. 

The manifold M inherits an /-structure compatible with the metric 
and, when M is oriented, an almost contact structure (cf. [19j). 

On an open neighbourhood of a regular point of consider an 
adapted frame of unit eigenvectors {Ei, FEi, E2, FE2, V} correspond- 
ing to the three eigenvalues > > of ip*h. Denote by A the 
difference A^ — A2, we shall compute AA and apply a maximum prin- 
ciple to find conditions forcing the equality of the two eigenvalues, a 
Bochner technique introduced in pj]. 

To unify notations, we shall use the convention Ej = FEi and 
Eq = V. Lower case letters will run over the indices 0,1,2, while upper 
case letters will run over the indices 0, 1, 2, 1, 2. We will also use the no- 
tations \t\ =i,rfj = g{VEiEj, Ek) and Rukl = R{Ei, Ej, Ek, El) = 
g{R{Ei,Ej)EL,EK). 
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Theorem 3. Let : {M^,g) — >• {N^,J,h) he an almost submer- 
sive pseudo harmonic morphism from a five-dimensional Riemannian 
manifold into a 4-dimensional almost Hermitian manifold such that 
grad|d</?|^ e V. Letp & M be a regular point of(f, then, in a neighbour- 
hood ofp, the Laplacian of the function A = — A| has the expression 



+ 2A (i?i212 + -^1212 + -^T2T2 + -^1212) 

+ A^(-Roioi + -^oTot) ~ '^2(-^0202 + -R0202) 
\ 2A2^ 2A2 A]^ A2 

- 2A?(r;,)^ + 2Ai(r°2)^ 



J \2 
01) 



[|7|=1,|J|=2 A2y A1A2 

+ 2Xlal - 2Xlal + 2A?(a2r?i + &2r?i) - 2A^(air^2 + ^'ir^) 

+ 2Xlbi{rl, + rL) - 2Xlb2{Tl, + rfr) 

- 2Xlair^+2Xla2r^+2XlFEi{bi) - 2XlFE2{b2), 



where VyV = aiEi + 02-^2 + biFEi + 62 -^-^2. 



Proof. Let : {M^,g) (iV, ^, /?) a pseudo horizontally weakly con- 
formal map and p G M a point where the rank is maximum. In a 
neighbourhood of this point, the first fundamental form (p*h admits 
three eigenvalues A^, A| and 0. Denote by A the difference A^ — A| and 
by — WyV — aiEi + 02-^2 + biFEi + b2FE2 the mean curvature of 
the fibres. 
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By definition 
AA = A^A + A^A 

= V{V{A)) - dA{VvV) + J2Ei{EM)) - dA{VE,Ej) 

= V{V{A)) -dA{VvV) 

+ Ei{E,{A)) - dA{VEM + FE,{FE,{A)) - dAiVpE^FEi). 



1=1,2 



Since the energy density is constant in horizontal directions, i.e. grad(e(v9)) G 
V, then Ej{Xl) = -^/(A?) and Ej{A) = 2Ej{Xl) = -2Ej(A^),V/ ^ 0. 

To compute A^A, we deduce from that ^(A^) = 2\jg{y E,Ei, V) 
and equivalently V^(A^) = 2Xfg{'V FEiFEi, V), so, for i = 1 or 2, 

= + '2X^9{^v^E.Ei, V) + 2X^g{VE^Ei, V a^Ek + hFEk), 

k=l,2 

Moreover 

dA{VvV) = aiEi{A) + a^E^^A) + hiFEi{A) + h2FE2{A) 

= -2aiEi{Xl) + 2a2^2(A?) - 2biFEi{Xl) + 262F^2(A?). 

From the formula 

g{VE,VvV, El) + giyvVE.Ei, V) = -giV e,Ei, VyV) 
- gi^E^V, VvEi) + g{V^E,y]V, E^) + V, E^X), 

we deduce 

g{yvVE,Ei,V) 

= R{V, El, V, El) - Eiiai) - g{VvEi, Ve,V) + g{Viv,E,]Ei, V) 
= Roioi - Ei{ai) - ^ Tg^rlo + ^ Tg^rji - ^ ^w^ki 

7=2,1,2 J=0,2,T,2 X=1,2,T,2 

= i?oioi-i?i(ai) + a? + (r?j2+ J2 r^i(r?, + r?j + r?,r?,. 
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Taking into account r° = ^^^i ^ , we obtain 



2~^jr — 1 -R0202 - -^2(02) + al + ^ ro2(r2/ + t%) + Tljr% | 

2 \ 7^2 / 



7^2 

+ 2aiEi(A2) - 2a2^2(A?) + 2biFE^{\l) - 262F^2(A?) 
+ 2A?(a,rii + 6,r{i) - 2A^(a,r22 + b,Vl^, 
To compute A^'^A, we start with the harmonicity condition ([9]) 

hence 
E,{E,{Xl)) 

= -Ei{K)g{yE,E2 + Vfe,FE2, E,) - Kgiy e,E2 + V^.V^i^.F^s, 
- Xg{VE,E2 + Vfe,FE2, V e,E^) - aiE^{\l) - \lE^{ai), 

and similarly for E2 

E2{Xl) = Ag{VE,Ei + Vfe.FEi, E2) - Xlg{fi^, E2); 
E2{E2{Xl)) = E2{A)g{VE,E, + Vfe,FE,,E2) 

+ kg{VE,VE,Ei + Ve,Vfe,FEi, E2) 

+ Kg{VE,E^ + ypE.FE^, Vij.^s) - a2E2{\l) - A^^slas). 

Analogous relations exist for FEi and FE2. 
Finally 

ciA(Vi,,Ei) 

= dk[g{yE,Ei, FEi)FEi + (?(Vi^,Ei, ^2)^2 + g{VE,Ei, FE2)FE2 
+ g{y E,E^.V)V] 

= rli FEi(A) + r?iE2(A) + r?iFE2(A) + v\^v{K), 

with corresponding formulas for dA(V EjEj), I = 1, 2, 2. 



22 



E. LOUBEAU AND R. SLOBODEANU 



Since 

g{VE,VE^E2, El) + g{VE,^E,Ei, E2) = -g{VE,Ei, Vg^^a) 

- giVE,E2, We,Ei) + g{ViE,,E,]E2, E^) + R{Ei, E2, Ei, E2), 

we conclude that 

A^A = - 2Ei{\l)(rl^ + ry + 2AEi(r^2 + r^^) - 2aiEi{Xl) + 2\\Ei{ai) 
+ 2E2{\\){Vl, + r^) + 2KE2{Vl, + rfj) + 2a2E2{\\) - 2A^^2(a2) 

- 2FEi{\l){Vl^ + rL) + 2KFEi{Tl^ + - 2hFEi{Xl) + 2A?F£;i(6i) 

+ 2F£;2(A2)(rfi + rfj) + 2AF£;2(rfi + rf^) + 2h2FE2{x\) - 2XlFE2{h2) 

+ 2E,{Xl)V\, + 2F£;i(A^)rL - 2£;2(A?)rH, - 2F£;2(A?)rl2 - |/^^|i^(A). 

The first terms of the first four lines will mainly give positive terms 
by virtue of the harmonicity condition 

- 2E,{Xl){V\, + ry + 2E2{Xl){Tl, + T\,) - 2FE,{Xl){T\, + 
+ 2FE2{Xl){T\ + V\,) 

= 2A(r^2 + ry^ + 2A?ai(r^2 + ry + 2A(r^, + ry^ _ 2A^a2(r?i + r^) 
+ 2A(rT2 + vl,f + 2X%{v\^ + rl^) + 2K{Tl, + rf,)^ - 2Xlh2{vl^ + r|j). 

The second terms of the first four lines will produce curvature terms 
and some additional terms 

2A {e,{t\^ + ri,) + E2{T\, + rfj) + FE,{T\^ + rl^) + fe2{t\ + rfj)) 

= 2A ((//„) + (JJfe) + {Ih) + i?i212 + i?l212 + ^T2T2 + ^1212) , 

where 

(//„) = -g{yE,E2, Ve,Ei) - g{VE,FE2, V fe,E^) - giy fe,E2, Ve.FEi) 

-g{VFE,FE2,VFE,FE,y, 
{Ih) = g{V^E„E,]E2, El) + g{ViE„FE,]FE2, E^) + g{V[FE„E,]E2, FE^) 

+ g{S[FEi,FE2\FE2, FEi); 
{IQ = g (Ve.Ei + Wfe.FEi, We,E2 + Vfe,FE2) . 
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Now, writing V EjEj = VfjEx, one can verify that 

{iQ + (//.) = (rf/)' 

i,K^O |/|=1,|J|=2 

Most of the terms of {He) cancel with terms of the fifth hne 

\I\=1,\J\=2,I,J^K^0 

Since 

2^i(A^)ri, = 2 [-A{Tl, + ry - Xla,] Ti, 
= -2A{Tl, + T'^)T'j, - 2A?airi„ 

and 

= -2A(r2, + rfj)r|2 + 2A^a2rH5, 

we have 
(12) 

2A(77e) + [ 2EriXl)r^j-^ + 2FE,iXl)r\, - 2E^(Xl)rl^ - 2FE2{Xl)rl] 

= 2A Yl r?,r°, - 2Xl{a^^\, + hrl) + 2Xl{a2rl, + b,rl). 

|/| = 1,|,/|=2 

The third terms of each of the first four hnes will cancel with the 
term -dA(Vy V) of A^A. 
Finally 

-b«H/(A) = - 2(r;, + r«j[v(Af) - v(Ai)] 



To make positive terms appear, we need a couple of lemmas. 
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Lemma 3. For a pseudo horizontally weakly conformal map 

r^. + r^. + r° +4 = 0. 

In particular, we have r° = (i.e. g(V E^Ei,V) = g(V EjEi,V)) and 
-pO_ _ _-po 

Proof. As the induced /-structure F is projectable, we have 
= g{[V,FE,]-F[V,E,],E,) 
= giyvFEi - VfeV - FVyEi + FV eV. Ej) 

In particular, r° = T'^, which could also be deduced from (Q. □ 
Note that the first term in f[T^ can then be rewritten 

2A E r?,r°, = 8Ar;n = 2nA?)nA^)(A2'-Ar'). 

|/|=1,|J|=2 

Next is a direct generalization of P, Lemma 2.3]. 

Lemma 4. For any submersion, the quantities T^j and Tqj are related 
by 

(13) T'jj = ^hiV'^d^{Ej),d^{Ej))-T',j, yi^J^O. 
Therefore, they must satisfy the relation 

(14) (Af,|-Af,|)ro^, = Af,|r°, + Af,|r?„ vj^j^o. 

Proof. Let I ^ J ^ 0, we have 

g{VE,Ej,V)=-g{Ej,VE,V) 

= ~g{Ej,[Ej,V] + VvEj) 

= giEj, [V,Ei])-g{VvEj,Ej) 

= -^h{d^{Ej), d^{[V,Er]))-g{VvEj,Ej) 
A|J| 

= -^h{d^{Ej), Vldip{Ei))-g{yvEi,Ej). 
A|j| 

Therefore 

A|j| (r?, + Ti) = hid^iEj), Vt^d^iEj)), 
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and using the skew-symmetry of the right-hand term, we get 

^fj\ i^u + To/) = -Af/| (Fjj + Tqj) . 
This completes the proof. 



Combining these lemmas, we obtain (cf. also [19 



□ 



Lemma 5. For any pseudo horizontally weakly conformal submer- 
sion, the second fundamental form of the horizontal distribution is F- 
invariant 

(15) r° + 4 = -(4 + r°). 

In particular T^ + T^ = r°- + r°j . 

We conclude that, in the expression of A^A, the terms that contain 
r^j or Tqj are 



|/|=2 

V 1^1=1 

-2A Yl ro^/(r?.-r°,) + r?,rV 

|7|=1,|J|=2 

Using the notation Tqj = h{V'ydip{Ei),dip{Ej)) and Equation (fT3|) . 
we obtain 

^iji ^i/riJi 

and 

r(u(r?j — T^ji) + r^jFj^ = — 3(rQj)^ + ^ ( T2~ + T2~ ) ^ii^ii ~ tft2~(^o/)^- 
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Therefore the terms in F^j and Tqj are 



-2A?(r;,)^ + 2A^(r°,)^ 



|/|=1,|J|=2 \ 1 2/ 12 

Gathering the various terms yields the formula. □ 

Proposition 7. Let ip : {M^,g) — * {N'^, J, h) be an almost submersive 
pseudo harmonic morphism from a compact five- dimensional Riemann- 
ian manifold of strictly positive sectional curvature into a Jf.- dimensional 
almost Hermitian manifold such that gra.d\dip\'^ e V. If the f -structure 
F induced by ip on M is parallel on Ti. then (p is a harmonic morphism. 
If N is {l,2)-symplectic, we can replace the condition of harmonicity 
by the minimality of the fibres. 

Proof. Let p be a maximum of the function A. Since the condition on 
F forces to be pseudo horizontally homothetic, it automatically has 
minimal fibres and 

ii li ii n ' 

Moreover, the condition 

Ve,FEj^FVe,Ej, V7, J^O, 
imphes that the symbols F^j vanish, hence, if 7 = 1, 1, 2 or 2, 

Roioi={R{Ei,V)V,Ej) 

= 

On the other hand, as p is a critical point for A, V{Xl) — V{Xl), so 



2A^ 2A| A^ A| 2 



1 1 

A| A^^ 
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As to the terms in F^j and Tqj, it is easy to see that they must vanish. 
Therefore the expression for AA at p becomes 

AA=4A (rf,)' + 2A(i?i2i2 + i?m2 + ^1212 + ^1212) 

■ 1 1 



1^2 ^i. 



Given our sign convention for the Laplacian, at a maximum point this 
expression should be negative, hence A = 0. □ 

Proposition 8. Let ip : {M^,g) —>■ {N'^^J^h) he an almost submer- 
sive pseudo harmonic morphism from a compact five- dimensional Rie- 
mannian manifold of constant strictly positive sectional curvature into 
a 4-dimensional almost Hermitian manifold such that grad|(i(/9p G V. 
If the dilatation ofcp, (? = is less than and the f -structure F 
induced by (f on M satisfies 



{VxF)X = 0, VX, 
then if is a harmonic morphism. 

If N is {l,2)-symplectic, we can drop the condition of harmonicity. 
Proof. The hypothesis on F imphes that F^^ = F^^ = and 

ii H a li ' 



Moreover, it forces the fibres to be minimal. 

The condition on the dilatation ensures that the polynomial in Fg^ and 
Vqj is positive. □ 

When the domain is orientable, we can introduce contact geometry 

(cf. m- 

Theorem 4. Let {M^,(j),C,,ri,g) be a compact nearly cosymplectic al- 
most contact metric manifold and cp : M ^ (A^^, J, h) a {(f), J)-holomorphic 
almost submersion into a (1, 2) -symplectic four-manifold. If the domain 
M has constant strictly positive sectional curvature and the map ip has 
grad|(iv9p G V, then p is horizontally weakly conformal and therefore a 
harmonic morphism. 
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Proof. According to ^6j, the condition of nearly symplectic is 

(Vx0)X = O,VX, 

so, as in the previous Proposition, we only have to control the sign of 
the polynomial in Tqj and Tqj. From Lemma HI we deduce that 

tij=h{Vt.d<p{Ej),d^{Ej)) 

^IJI 

~ X2 X2 

So if V is a conformal foliation (equivalently H is umbilic, cf. [SI Propo- 
sition 2.5.8]), then Tqj = 0,V/ 7^ J. But on a nearly cosymplectic 
manifold ^ is a Killing vector field |6i Proposition 6.1], so in this case 
Tqj = 0,V/ 7^ J and the polynomial in Tqj and Tqj must be posi- 
tive. □ 

If we regard §^ as a totally geodesic hypersurface of with its nearly 
Kahler structure, then the induced almost contact structure on §^ is 
nearly cosymplectic [6, Example 4.5.3]. Therefore 

Corollary 3. A (0, J)-holomorphic almost submersion from (§^, 0, C,, 1], ; 
into a (1, 2) -symplectic four-manifold with grad|(iy9p G V, must he hor- 
izontally weakly conformal and therefore a harmonic morphism. 
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